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Hybrid Metaheuristic Algorithm for the Linear Ordering Problem: The Case
of Tanzanian Input-Output Tables
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Abstract

Linear Ordering is the problem of finding an acyclic tournament in a complete
directed weighted graph that maximizes the sum of the arc weights. This is
equivalent to finding an order of elements of a matrix associated with a complete
weighted digraph in such a way that the sum of the entries in the upper triangle is
as large as possible. The problem has interesting applications, including the
triangulation of input-output tables in economics. Linear Ordering has been
proven to be NP-Hard and therefore, no polynomial time algorithm is known for
its solution. Metaheuristic techniques have been applied with reported success in
many instances, including instances of real-world problems. This paper presents
a hybrid metaheuristic algorithm that combines Flex Deluge and Simulated
Annealing in an attempt to find a near-optimal solution to the linear ordering
problem. Tanzanian input-output tables are used as a case study. The results are
compared with the performances of Simulated Annealing, Great Deluge, and Flex
Deluge algorithms. It is concluded that the new procedure is good for the linear
ordering problem with comparable performance in terms of solution quality and
better performance in terms of time by 26%.

Keywords: Combinatorial Optimization, Input-output tables, Triangulation, Great Deluge
Algorithm, Global heuristics

Introduction

Linear Ordering Problem (LOP) is the problem of finding an acyclic tournament in a complete
weighted directed graph in such a way that the sum of the weights is as large as possible
(Garmendia et al., 2024). Equivalently, it is the problem of finding an order of the elements of
n X n matrix in such a way that the upper triangle entries are as large as possible (Pérez Lugo et
al., 2025). LOP has interesting applications, including the aggregation of individual preferences in
sports, archaeological seriation in archaeology, and the triangulation of input-output tables in
economics (Benito-Marimon et al., 2025). In archaeology, the studies of ancestry relationships
include studies of pottery in graveyards. The items are weighted according to their ground depth
and location in graveyards. Determining the age of each pottery is a challenge that requires
ordering the items according to the weights that are structured to reflect the relative strengths of
the ordering; this turns into solving the LOP (Glover et al., 2020). Generally, the LOP is used to
model problems that require a rank ordering of objects using aggregation of individual preferences,
so that the ranking matches the individual preferences as closely as possible (Charon & Hudry,
2007). Aggregation of individual preferences has many applications, including the voting theory,
ranking of players/teams in sports tournaments (Iranmanesh & Krishnamurti, 2016), and word
reordering for machine translation (Tromble & Eisner, 2009). Rankability of data is another
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application of the LOP in sports, as presented by Cameron (Cameron et al., 2021). In economics,
the sectors of the economy are organized in a matrix form called input-output tables, which
represent the interdependencies between the sectors of the economy. The ordering of the sectors
of the economy in a way that maximizes the sum of weights in the upper triangle is called
triangulation and provides very useful interpretations of the economy (Raa, 2009); this is a direct
application of the LOP.

Exact Methods

The problem has been proven to be NP-hard (Hartmanis, 1982) and therefore no optimal algorithm
1s known for the solution of the LOP within a reasonable time. However, exact methods have been
attempted mostly through integer programming formulations and solved with some success by
various techniques. The most popular approach in the exact methods is the branch and cut. In this
method, an integer programming formulation of the LOP polytope is relaxed into a continuous
linear programming polyhedron and generates cutting planes to prune infeasibilities from the
relaxed polyhedron. The deepest cutting planes are called facets, which are developed through the
theory of polyhedral Combinatorics. The generated cutting planes are used to reduce infeasibilities
in the polyhedron, which is then solved by the branch and bound method. Many papers are
available on this approach, and the most common include the work by Groetschel (Groetschel et
al., 1984) and proceedings by Marti and Reinelt (Marti & Reinelt, 2011). Mushi (Mushi, 2010)
used the branch and cut method for the LOP and managed to find an optimal solution to the Irish
input-output tables, which had 41 sectors of the economy. The branch and bound method is
normally faced with the challenge in the selection of the branching node, and consequently, several
authors have tried to develop heuristics to improve branching selection for the branch and cut
algorithm; these include the primal heuristic procedure (Agrawal et al., 2019). Many techniques
in the branch and cut approaches apply the simplex method to solve the relaxed linear
programming problem due to its simplicity; however, some authors have attempted to use other
methods, such as the work of previous researchers (Mitchell & Borchers, 1996), who applied
interior-point and cutting plane methods to the relaxed problem and presented competitive results.
Since the problem is NP-hard, exact methods are limited to small problem sizes.

Heuristic Methods

Given the complexity of the problem, most of the recent research work is based on heuristic
algorithms. Global heuristic methods have been very successful in many Combinatorial
Optimization problems. These methods work by trying to avoid falling into local optima by
instituting various measures, including acceptance of bad solutions at some stages in anticipation
of better solutions in the future; see (Reeves C, 1993)Click or tap here to enter text. for a thorough
description of global heuristic techniques. Popular global heuristic methods include Simulated
Annealing (SA), Tabu Search (TS), and Genetic Algorithms (GA). Duarte (Duarte et al., 2011)
presented a TS algorithm for a special type of LOP with cumulative costs. They experimented with
218 instances and obtained good results within a reasonable time. However, they applied real data
from the University of Padova with a maximum of only 15 nodes; the rest of the data were
generated randomly or collected from the Linear Ordering Library (LOLIB) as described by Marti
(Marti et al., 2012). The book by Marti and Reinelt (Marti & Reinelt, 2011) demonstrates the
applications of TS, SA, and GA to the LOP and applied instances from the LOLIB. Population-
based heuristics have also been applied to the LOP, including the work by Campos (Campos et al.,
1999) on the application of scatter search and the articles by Lugo (Lugo et al., 2022) on the
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application of a memetic algorithm. They both applied instances from the LOLIB and presented
improvements compared to previous work on the same set of data. Other heuristics employ the
structure of the Integer Programming formulation and techniques to derive heuristics, such as the
articles by Iranmanesh (Iranmanesh & Krishnamurti, 2016), and (Manuel V., 2024) which applied
Mixed Integer Programming (MIP) formulation to generate a set of neighborhoods; and (Belloni
& Lucena, 2003) who applied the Lagrangian method to the MIP formulation to generate heuristic
solutions. They both applied their own randomly generated data or data obtained from LOLIB.

More recent heuristics include the paper on the application of a genetic algorithm with local search
(Cergibozan & Tasan, 2019), iterated local search (Valdez & Medina, 2012), differential evolution
(Baioletti et al., 2016), and memetic algorithms by Ye (Ye et al., 2014) and (Pérez Lugo et al.,
2025). Josu Ceberio et al (Ceberio et al., 2015) introduced a restricted neighborhood structure that
identifies areas that cannot generate good solutions. The restricted neighbourhood was applied to
memetic and iterated local search heuristics with good success. Pop and Matei (Pop & Matei,
2012) proposed genetic programming heuristic that shows promising results in solving the LOP,
performing well against established methods in terms of solution quality. These are only a few
articles available from the literature on the applications of heuristic techniques for the LOP.
However, most of the research works in the literature applied randomly generated data from their
methods or those collected from the LOLIB. It would be interesting to see more research on
applications from real-world problems; consequently, this work is based on the real problem of
the input-output tables of the Tanzanian economy, which has 79 sectors.

Hybrid Metaheuristic

The work employs a new hybrid heuristic that applies Flex Deluge and Simulated Annealing
algorithms in two phases. Flex Deluge (FD) is an extension of the Great Deluge Algorithm (GDA),
which is one of the global heuristic techniques. So far, the GDA has only been applied once to the
LOP, and it is the article by (Mathias & Mushi, 2015). The next section provides a mathematical
programming formulation of the LOP. Then, a section that follows describes the Flex Deluge
algorithm with a non-linear decay rate and its adaptation to the LOP. The application of Simulated
Annealing to the LOP has been described in (Mushi, 2020) and is therefore not discussed in this
work. The representation of the LOP in the research in a way that is suitable for the new heuristic
procedure is described next. This is followed by the introduction of the hybrid two-phase heuristic.
A summary of results is presented next, followed by a conclusion and proposed further research
directions.

Methodology

Mathematical Formulation

Given a complete digraph of n nodes D,, = (V},, 4,,) with a non-negative weight function C: A =
R, itis required to find an acyclic tournament of maximum total weight.

. 1 if(@,j)eD, : .. - .
Define a variable y; = " and since only one of the edges (i,j) and (j, i) can be in
© |0 Otherwise
the tournament, then the equation x, +x, =1 (1)

applies forall i, j eV

n?

I < j. Equation (1) is called a minimal equation system. Furthermore, it

is necessary to avoid cycles in the constructed complete tournament; it has been established that
3-dicyle inequalities are sufficient to remove all cycles (Groetschel et al., 1984)Click or tap here
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to enter text., and these are defined as in (2) to ensure that every three nodes i, J, K of the tournament
cannot form a cycle, that is;

Xij+x; <2foralli,j,k €V,andi #j #k (2)

Where x;; € {0,1} forall i,j € I}, 3)

The integer programming formulation of the LOP is therefore defined as follows: given the
weights ¢;; between nodes i and j in a complete digraph D,, = (V;,, 4,);

Maximize Y.(; jyea, CijXij (4)

Subject to:

x,+x,;=1forall i,jeV, , i<j

Xij+x; <2foralli,j,k €V,andi #j+#k

x;j € {0,1} foralli,j € Iy,

The acyclic tournament in this formulation can be identified as the entries in the upper triangle of
the weighted matrix representation of the problem. More details on the representation of the LOP
as a triangulation problem are described in (Mathias & Mushi, 2015)Click or tap here to enter text..
The exact approaches involve the relaxation of the integrality constraints (3) and developing facets
to prune infeasibilities from the relaxation of (4). These include k-Fence and Mobius ladder
inequalities, as presented by (Groetschel et al., 1984)Click or tap here to enter text.. However, this
paper only considers the basic model as defined in (4) since it is sufficient for heuristic
implementation; the Flex Deluge heuristic is discussed next.

Flex Deluge Algorithm

Flex Deluge algorithm is an extension of the Great Deluge algorithm that was introduced by Burke
and Yuri (Burke & Yuri, 2006)Click or tap here to enter text.. The Great Deluge algorithm’s
strength lies in the acceptance of bad moves within the control of a level parameter L that is
determined by a decay rate function that determines a decay rate value, AL. One of the main
challenges associated with many global heuristic techniques is the sheer number of parameters that
have to be selected and their sensitive effect on the best solution. A Great Deluge algorithm was
designed to address such a problem by minimizing the number of parameter selections while
maintaining a good solution. The only input parameter in this algorithm is the decay rate value
AL. The general idea is a simulation of an object in a mountainous space that is under pouring rain.
The object wanders randomly in the space, but there is a water level below which it cannot go
because of the water. If this water level is L, then the object accepts any area that has a value
greater than L. As time goes on, L rises slowly and is finally forced up onto a peak (and the rain
stops). However, it has been observed by (Burke & Yuri, 2006) controlling the mechanism of
accepting bad moves and slowing down downhill movements may improve the performance of
the algorithm. Consequently, they introduced a flexibility mechanism through a coefficient k¢ (0 <

0 < 1) that controls the uphill and downhill movements. For the minimization problem, (Burke &
Yuri, 2006) proposed that, at every iteration, if the current solution is X, the algorithm should
accept a new candidate solution X,,,,, if it satisfies the conditions;

XTLBW S Xcurr When Xcurr 2 L
Xnew < Xeurr + k(L = Xeyrr) when Xeyrr < L
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This criterion implies that acceptance of bad moves should not exceed the value of kf (L — Xcypr)
beyond the current move. Note that when k; = 0 the algorithm turns into a greedy one, where only
good moves are accepted; when ky = 1 the algorithm turns into the original Great Deluge. Thus
ks is called a ‘flexible bumper’ and it represents the degree of flexibility. Varying the value of k
between 0 and 1 allows the algorithm to accept moves flexibly within the range specified and has
improved performance over the original Great Deluge algorithm, as reported by (Burke & Yuri,
2006) when applied to the examination timetabling problem. These conditions were stated for a
minimization problem, while LOP is a maximization problem, and therefore, the acceptance
conditions used change to the following;

Xnew = Xcurr When Xeypr < L

Xnew = Xcurr - kf (L - Xcurr) when Xcurr > L

This means if the current solution (X,,;,) is below the level (L), the new move (X,,.,,) is accepted
if it is better than the current solution (X.,,,-). In this case, the algorithm accepts only better
solutions (greedy). However, when the current solution is better than the water level (L), then the
algorithm may accept bad moves that are below the current solution by a value kf(L-X¢yr) in
anticipation of better moves in the future by avoiding falling into local solutions. The general
algorithm is shown in Figure 1.

Flex Deluge Algorithm

Set the Initial Solution Xo;

Calculate Initial cost f{Xo);

Initial Level L = 0;

Specify input parameter AL; //decay rate

Specify flexibility coefficient 0<k<1;

While stopping criteria is not satisfied {

Define neighbourhood N(X,)

Randomly select a candidate solution X eN(Xo);
If AX)=>A(Xo) AND f(X)<L
Accept new solution (Xo=X);
Else if f(X)>(f(Xo) - A(L-f(X,))) AND f(X)>L
Accept new solution (Xo=X);

Else
Reject new solution;

Update Level by decay rate

Function L = f(L, AL);}

X 1s the best solution;

End Flex Deluge

Figure 1: Flex Deluge Algorithm

Given this general heuristic procedure, it is necessary to specify how the algorithm is to be
implemented for the LOP. These are: the representation of the problem, the structure of the
objective function, how to generate an initial solution, the structure of the neighbourhood, the
choice of the decay rate, and stopping criteria; these are discussed next.
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Problem Representation
The solution is a tournament T,, € D,, and is represented by a matrix X,,, where

if (i,j) €T, for all
i €X.
Xij = {O otherwise o i

The weights of the digraph are represented by a matrix ¢, where ¢;; is the weight of an edge
between nodes i and j, and the objective function is defined as: f(X) = Xi=; X7=; ¢;jx;;.

Generating an initial solution
It is noted that a quick initial feasible solution can easily be obtained by picking all entries of the
upper triangle in the solution matrix, i.e., define X, such that:

Xij = { 0 otill]; rlw<Ls]e for all x;; € X,. These entries ensure that only one of the edges (i,j) and

(J, D)is selected, and therefore the basic inequalities, i.e., constraints (1) are satisfied. Furthermore,
since all upper triangle entries are selected, the chosen initial solution forms a tournament that also
satisfies the 3-dicycle inequalities, i.e., constraints (2) and therefore acyclic. Table 1 shows an
example of a weighted matrix and Table 2 depicts the initial solution (X,) as described above. The
solution value, which is the sum of weights of the upper triangle, is f(X,) = (7+2+3+9+
8 + 1) = 30. The associated tournament is shown in Figure 2, which is an acyclic digraph.

Table 1 Example of LOP Table 2: Example of initial Figure 2: Example of a
Weight matrix solution solution tournament
1| 2| 3| 4 1l 2| 3] 4
1 0| 71 2| 3 1 ol 1] 111
2| 9/ 0| 9| 8 21 ol ol 1] 1
3| 4] 8| 0] 1 3 0|l ol ol 1
4| 5|1 6| 7] 0 4] ol ol o] o

Neighbourhood Solution

Several neighbourhood structures have been proposed in the literature, and the most common is
the Insert and Interchange moves, as described by (Sakuraba & Yagiura, 2010). Insert move
involves taking a node in position i and insert it after another node in position j (i < j) or insert it
before another node in position j (i > j). The Interchange move, on the other hand, involves the
exchange of nodes in position i and position j. Although (Schiavinotto & Stiitzle, 2003) reported
that the interchange move gives worse results than the insert move in their research, this work
prefers the interchange move due to the nature of the solution structure and ease of generating
feasible solutions. However, the results were compared with insert moves. With the interchange
move, hereby called the Swap move, every move involves the removal of one edge and the addition
of another in the solution and therefore always ensures that the basic inequalities are satisfied.
Example in Table 3 displays the solution X; after a swap of node 1 and node 2 positions, as
highlighted. Table 4 displays the resulting solution value (32) after the swap.
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Table 3: X1; Swap of (1,2) Table 4: C; f(X{) = 32
1] 2] 3 4 1 (2|34
1 0] 0| 1] 13 1 07|23
2( 1| 0| 1 1 2 9 093
3, 0/ 0] 0 1 3|4 (801
4, 0] 0] O 0 4 5|16|710

The positions of nodes i and j for swap moves are randomly selected and therefore create a set of
neighbourhood solutions as candidates to the algorithm. After three more swap moves (3,1), (4,1),
and (4,3) in the example, as shown in Note that the solution is always obtained by the product CX
where the changing values are in X while the values of C remain constant.

Table 5: X,; Swaps (3,1), (4,1), (4,3) Table 6: C; f(X,) = 42
12|34 12|34
1,0[0[0]0 1 0]7]2]3
211 0|11 2 1 9/0]9 8
3/1/0/0]0 314 |8 0|1
411 01]0 4  5/6|7]|0

, the solution is presented in Table 6 with a value of 42. Note that the solution is always obtained
by the product CX where the changing values are in X while the values of C remain constant.

Table 5: X,; Swaps (3,1), (4,1), (4,3) Table 6: C; f(X,) = 42
12|34 12|34
1,0[0[0]0 10723
2|1 0 (1]1 219098
3/]1/]0]0]0 3148 ]0]1
411 010 4 56|70

Extracting Linear Order from Solution
Once the solution has been generated, as in Note that the solution is always obtained by the product
CX where the changing values are in X while the values of C remain constant.

Table 5: X,; Swaps (3,1), (4,1), (4,3) Table 6: C; f(X,) = 42
12|34 12|34
1/0/0[0]0 1/ 07|23
2|1 0 (1|1 219098
3/]1/0]0]0 3148 ]0]1
411 010 4 56|70

the linear order is simply extracted by summing the columns of the solution matrix. The least total

is the first node in the order, followed by the next until the last total has been used, as demonstrated
in Table 7. In case of ties in the column sums, pick the first encountered column from left to right.
The order in the above example is 2, 4, 3, 1, with a value of 42 as shown in Table 8. The input
parameters in the algorithm are the decay rate function and the flexibility coefficient k.
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Table 7 Extraction of Linear Order Table 8: Weight Matrix for the Linear
order (2,4,3,1).

1234 2| 4 3 1

1 00,00 2( o 8| 9 9

2 11011 4] 6| o] 7] 5

> 1,000 3 s 1| o] 4
4 110]1]0

Sum 3 0 2 1 I 713 2] O
Position 4 1 3 2

Decay rate function

The standard decay rate function for the Great Deluge is a linear function L = L + AL. Landa-
Silva (Landa-Silva & Obit, 2008) proposed the use of a non-linear decay rate function to improve
the search for a better-quality solution, defined as L = L x e~8(randoml(MinMa]) 4 g
Parameters §, Min and Max are used to control the speed of decay, while [ controls the shape of
the decay function. The higher the values of Min and Max, the faster the water level goes up, and
consequently, the search quickly achieves improvement, but at the expense of getting stuck early
in the local optima. Parameter 8 represents the minimum expected penalty corresponding to the
best solution. Apart from [ the best values of other parameters found in this application were
obtained through experimentation. The non-linear decay function was designed to improve the
water level changes to efficiently guide the search process for a better solution, and it worked very
well for applications in academic timetabling problems (Landa-Silva & Obit, 2008). It is worth
applying the same to the LOP.

Stopping criteria (MaxIter)

The algorithm must be run for a sufficient number of iterations to ensure a complete search of the
solution space, creating ample chances of avoiding local optima. This value is the maximum
number of iterations (MaxIter = 1,000,000) and is obtained through experimentation. The next
section presents the proposed hybrid heuristic that combines Flex Deluge and Simulated
Annealing.

A hybrid metaheuristic for the LOP

Simulated Annealing is a very popular heuristic that has been successful in many Combinatorial
Optimization problems, including academic timetabling (Elmohamed et al., 1998), traveling
salesman (Elmohamed et al., 1998), mobile wireless systems (Kwak & Shroff, 2019), (Zomaya et
al., 2003), therapy treatment(Palmgqvist et al., 2015), (Li et al., 2014) to name but a few. A
discussion on the applications of Simulated Annealing is also provided by prior researchers
(Welsh, 1989). Simulated Annealing is a simulation of the physical cooling process, where a
solution is accepted if it has improved, but a bad solution can also be accepted by a probability

function f (T, 0) = e T . More discussion on the application of this algorithm to the linear ordering
problem, with application to Tanzanian input-output tables, is found in the work of (Mushi, 2020)
Click or tap here to enter text.. However, the performance of the Simulated Annealing greatly
depends on the selection of the initial solution. In this case, Flex Deluge is used to provide a good,
feasible, and quick initial solution that is fed into Simulated Annealing in the second phase. The
algorithm is presented in Figure 3 below;

149



ORSEA Journal Vol. 15(2), 2025

Hybrid Metaheuristic Algorithm
Phase I: Flex Deluge
Set the Initial Solution Xo;
Calculate Initial cost f{Xo);
Initial Level L = 0;
XneWZXO;
/flexibility
Specify flexibility coefficient 0<k<1;
While stopping criteria is not satisfied {
Define neighbourhood N(Xnew)
Randomly select a candidate solution X e N(Xyew);
If AX)>A(Xnew) AND f(X)<L
Accept new solution
(Xnew=X);
Else if f{X)>(f(Xnew)-
k(L-f(Xnew))) AND f(X)>L
Accept new solution
(Xnew=X);
Else
Reject new solution;

Update the level L = L x (e~d(random([MinMax])y 4 p.

}

Xnew 1S the best solution so far;

Phase II: Simulated Annealing

9 =objective(Xnew)-objective(X);
Initialize temperature T;
Initialize freezing point Freeze
While T > Freeze {
If 6>0 accept solution
Xnew = X,
Else
Generate a random
Number 7 between 0 and 1

Ifr > e T accept solution
Xnew = X,

Else reject solution
Update temperature T = aT;;
Where 0.8 <a <1
Find X in the neighborhood of Xnew, X=neighbour (Xnew);
o =objective(Xnew)-objective(X);
}

Xnew 18 the best solution found
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‘ End hybrid algorithm

Figure 3: hybrid metaheuristic algorithm

The best values of a are o =0.99 and Freeze = 0.001 which were found through
experimentation. The next section gives a summary of the results.

Summary of Research Results and Discussion

The algorithm was implemented in a C++ compiler (fixed seed, CPU time measurement) and run
on a Windows 11, Intel® Core 15, 1.6 GHz processor, and applied to the Tanzanian input-output
tables, which have 79 sectors of the economy. The same data were used in previous work with a
Great Deluge (Mathias & Mushi, 2015) and Simulated Annealing (Mushi, 2020) Click or tap here
to enter text..

Parameter Tuning

The performance of metaheuristics is highly dependent on parameter settings. A preliminary
hyperparameter search using the Tanzanian Input Output Tables instances was conducted to
establish effective general parameters, and the results are presented in

Table 9.

Table 9: Parameter tuning

Parameter Phase I (FD) Phase II (SA) Value
L=LX
Decay Rate e—S(random[(Min,Max)]) + ﬁ N/A N/A
Flexibility Coefficient ¢ | 0.5 N/A 0.5
B 1 N/A 1
) 0.00079 N/A 0.00079
Type of Moves Swap, Insert Swap Swap (best)
Min 10,000 N/A 10,000
Max 15,000 N/A 15,000
Stopping Criteria Maxlter Freeze 1,000,000
0.001
Cooling function N/A Geometric T = aT | N/A
Initial Temperature Hot enough to allow exploration N/A 1,000
of the solution space
a N/A 08<ac<1 0.99

These parameters were obtained through step-by-step procedures involving 30 runs of different
random number seeds and a confidence test. The first step was to find the good parameters for
the non-linear function in the Flex Deluge algorithm. The value of k; = 0.5 was found to perform
better as the flexibility coefficient. This was done by fixing all other parameters and performing
30 seed runs, varying kr by 0.1 intervals from 0 to 1, where ks = 0.5 had the highest mean
(837,838) and median (838,800). Furthermore, through similar testing, the value of § = 1.0 was
found to perform better. For values of f < 1 the algorithm did not converge and had to be halted,
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while the values of f > 1 resulted in premature convergence into low-quality solutions. Similarly,
experimentation was done by fixing the minimum and maximum values to 10,000 and 15,000,
respectively, and finding the corresponding best 6 value. Table 10 shows the results of varying
the values of § on the solution (Sum of the upper triangle weights) and execution time. The best
value of § = 0.00079, resulting in a better solution at a shorter period of time (48.8 seconds), is
highlighted.

Table 10: Finding the best delta (6) value

Fixed f = 1.0; min = 10,000; max = 15,000
1) Solution Time (Sec)

0.0007 838,094 17.836
0.00071 839,515 19.897
0.00072 833,764 22.206
0.00073 839,516 24911
0.00074 839,617 28.062
0.00075 839,258 31.212
0.00076 839,401 35.099
0.00077 839,828 39.332
0.00078 839,835 43.657
0.00079 839,842 48.798
0.0008 839,842 55.421
0.0085 839,842 97.102
0.009 839,842 168.062

Time increases sharply as d increases, especially beyond 6 = 0.0008, indicating a nonlinear growth
in computational effort as shown in the Error Bar (Figure 4). The solution values are tightly
clustered around 839,842, with a few lower outliers (e.g., 833,764). Time values show a
widespread, with a median around 39 seconds and a long tail reaching up to 168 seconds. This
contrast highlights that while the solution quality stabilizes, the time cost escalates significantly
with o (see Boxplot in Figure 5).

Eror Bar Plot of Time v & Boxplot of Solution and Time
ol /r —o—
—
{ e
i & Scluven ne
Figure 4: Error Bar Plot: Time vs 6 Figure 5: Boxplot: Solution vs Time

The results of the Swap and Insert moves are compared as shown in
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Table 11. The mean difference between Swap and Insert solutions is 22,035.81, with a standard
deviation of 30,140.30. The 95% confidence interval for the mean difference is (5,975.18,
38,096.44). This indicates that, on average, the Swap Solution values are about 22,036 units higher
than the Insert Solution. The Swap algorithm has a mean execution time of 0.781 sec with a 95%
confidence interval of (0.697, 0.865). The Insert algorithm has a mean execution time of 1.053 sec
with a 95% confidence interval of (0.895, 1.211). Insert is slower on average and shows greater
variability. This is expected because of the structure of the solution (0-1 matrix), where more time
is required to move values in the permutation matrix in order to allow space for the insertion of an
item.

Table 11: Comparison of results for Swap and Insert Moves

Seed | Swap Insert
Solution Time (Sec) Solution Time (Sec)

1 839,603 0.801 818,297 0.761
2 839,842 0.712 835,287 1.134
3 839,482 0.793 828,526 0.716
4 839,482 0.734 831,722 1.12
5 839,837 0.754 837,567 1.108
6 839,805 0.676 829,662 1.237
7 839,837 0.705 837,298 1.863
8 839,721 0.731 793,660 0.687
9 839,812 0.731 809,359 0.682
10 839,815 0.751 813,372 0.764
11 839,842 0.713 813,921 1.217
12 839,937 1.338 821,153 1.133
13 839,842 0.72 829,438 1.193
14 839,836 0.744 834,425 1.124
15 839,842 0.899 714,552 1.113
20 839,791 0.698 835,514 0.993
Mean | 839,770 0.78125 817,735 1.053
Std 128 0.1524219 29,168 0.288

The rest of the results are generated from the swap moves. The next step was to fix the values of
p and 6 and change the ranges of min and max as shown in

Table 12. Similar experimentation with different values of min and max shows that the shortest
execution time with a better solution found so far is 37.7 seconds at min = 12,55 and max =
13,000. The same solution was obtained from Simulated Annealing in only 0.365 seconds (Mushi,
2020)Click or tap here to enter text.. Simulated Annealing was, therefore, faster than the non-linear
Flex Deluge algorithm in this particular case.

Table 12: Finding min and max values
p=1.0;6=0.00079
min max ‘ Solution Time (Sec)
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10,000 14,000 839,792 40.637
10,000 14,500 839,842 46.300
10,000 16,000 839,842 60.967
10,000 20,000 839,842 101.308
11,000 14,000 839,842 66.013
11,000 12,000 839,367 22.200
11,000 12,500 839,738 33.640
12,000 12,500 839,486 24.470
12,000 12,900 839,738 44.108
12,000 13,000 839,842 48.243
12,400 13,000 839,842 40.249
12,500 12,800 839,822 29.478
12,500 12,900 839,842 39.789
12,500 13,000 839,842 37.660
12,600 13,000 839,444 32.954
13,000 14,000 839,842 110.716
13,500 14,000 839,842 85.517
14,000 14,500 839,842 119.248
14,000 15,000 839,842 246.965

As explained earlier, however, the hybrid metaheuristic aims to use a non-linear Flex Deluge to
find a fast initial solution that can be used to speed up convergence in the Simulated Annealing
phase. It was therefore decided to use a lower range of min and max to give a fast solution without
necessarily converging to the best one, and apply it as an initial solution to the Simulated
Annealing algorithm.

Table 13 presents the results of an experiment in finding a fast initial solution by varying min and
max values. It was proposed to pick a solution value of 603,384 obtained after 0.012 seconds with
min = 100 and max = 800. This is drawn from the fact that the solution value obtained is better
than the rest in the tested range, as highlighted.

Table 13: Finding min and max for the initial solution
=106 =0.00079

Min Max Solution Iterations Time (Sec)
100 200 587,191 75.000 0.004
100 300 590,747 103.000 0.005
100 400 590,853 130.000 0.007
100 500 592,778 163.000 0.010
100 600 592,771 188.000 0.009
100 700 599,148 220.000 0.011
100 800 603,384 253.000 0.012
100 900 602,053 298.000 0.013
100 1,000 599,245 347.000 0.017
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1,000 1,100 590,574 136.000 0.006
1,000 1,200 591,799 182.000 0.010
1,000 1,300 602,779 233.000 0.010
1,000 1,400 598,390 299.000 0.013
1,000 1,500 602,581 349.000 0.017

The initial solution was then taken into the second phase and applied in the Simulated Annealing
algorithm. The results were then generated by varying the random seed value in the algorithm from
1 to 30, as shown in the Table 14. Results show solution values for the first phase of the algorithm
(Flex-Delude) and time taken, and the second phase (Simulated Annealing) and the time taken.

Table 14: Results of the Algorithm by varying 30 seed values

Runs | Flex Deluge Time (sec) Hybrid Time (sec) | Total Time(sec)

1 593,209 0.0110 839,842 0.2580 0.2690
2 592,049 0.0130 839,721 0.2890 0.3020
3 614,346 0.0130 839,104 0.1900 0.2030
4 588,451 0.0130 837,651 0.1460 0.1590
5 591,499 0.0100 839,463 0.2520 0.2620
6 590,519 0.0150 838,709 0.2430 0.2580
7 591,285 0.0140 839,346 0.1920 0.2060
8 598,453 0.0150 837,915 0.1730 0.1880
9 589,393 0.0140 839,812 0.2030 0.2170
10 591,338 0.0160 837,743 0.2650 0.2810
11 588,155 0.0160 839,797 0.2080 0.2240
12 588,962 0.0110 837,514 0.1890 0.2000
13 586,597 0.0100 839,550 0.2150 0.2250
14 590,255 0.0140 839,730 0.2460 0.2600
15 593,921 0.0160 839,738 0.2050 0.2210
16 592,617 0.0150 839,260 0.2250 0.2400
17 590,901 0.0190 834,587 0.1810 0.2000
18 591,917 0.0160 839,004 0.2260 0.2420
19 589,343 0.0160 839,841 0.1970 0.2130
20 597,856 0.0140 839,773 0.2830 0.2970
21 597,976 0.0140 838,759 0.2550 0.2690
22 591,332 0.0160 831,398 0.3840 0.4000
23 608,334 0.0170 838,546 0.1680 0.1850
24 590,027 0.0140 839,798 0.1740 0.1880
25 592,871 0.0140 839,408 0.2580 0.2720
26 590,410 0.0140 835,724 0.2680 0.2820
27 589,651 0.0140 836,098 0.3010 0.3150
28 593,442 0.0180 839,011 0.1810 0.1990
29 588,900 0.0110 839,829 0.1560 0.1670
30 588,993 0.0120 839,838 0.1450 0.1570
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Mean | 592,767 0.0142 838,554 0.2225 0.2367
Std 5,735 0.0022 1,876 0.0522 0.0523

The mean of the Hybrid algorithm solution is approximately 838,554, with a standard deviation of
1,876. The 95% confidence interval for the mean is (837,841.89, 839,267.31). Furthermore, the
mean of the total time is 0.22 with a standard deviation of 0.052. The 95% confidence interval
shows that the true mean total time lies between 0.21684 seconds and 0.25656 seconds. In the test
runs of the results, the maximum value is 839,842, obtained at a seed of 1, and took 0.269 seconds.
Compared with the SA, the same solution was obtained at 0.365 seconds; the hybrid metaheuristic
shows an improvement of 26% in terms of time. Furthermore, the behaviour of the performance
of the hybrid algorithm is compared with previous works on the same problem in terms of the
quality of the solution and time in seconds. These previous works are the Simulated Annealing
and the Great Deluge algorithms. These are also compared with the non-linear Flex Deluge results
obtained before the hybrid implementation. Table 15 shows a sample of results obtained by
iterations of the four algorithms.

Table 15: Sample iterations against solution values

Iterations Flex Deluge SA GDA Hybrid
1 585481 585481 585481 585481

2 585481 585481 585481 585481

3 585501 585481 585501 585481

4 585501 585481 585501 585481

5 585589 585481 585589 585481

6 585589 585481 585589 585481

7 585589 585488 585589 585481

8 585589 585488 585589 585481

9 585604 585517 585604 585481
10 585611 585517 585611 585481
22545 839842 839842 836924 839603
22546 839842 839842 838924 839603
22547 839842 839842 838924 839603
22548 839842 839842 838924 839842
22549 839842 839842 838924 839842
22550 839842 839842 838924 839842
22551 839842 839842 838924 839842
22552 839842 839842 838924 839842
22553 839842 839842 838924 839842
22554 839842 839842 838924 839842
22555 839842 839842 838924 839842

A clear picture of the convergence behavior of the four algorithms is shown in Figure 6.
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Figure 6: Solution values against iterations

The four heuristics show different paths taken before convergence, where the Great Deluge follows
a significantly different path with major fluctuations at the initial stages before convergence to the
best solution found. On the other hand, the Flex Deluge and hybrid algorithms follow a very closely
related path in the initial stages and join the Simulated Annealing path in the final stages. This is
expected since the hybrid heuristic starts with Flex Deluge and ends with Simulated Annealing
algorithms. Initially, Simulated Annealing follows a slow convergence path compared to the
hybrid heuristic, but later joins the same path, indicating that Flex Deluge performs better in the
initial stages than Simulated Annealing. In general, the presented hybrid heuristic outperformed
the compared heuristics in terms of execution time while converging to the same best solution.

Conclusion and Further Research Directions

This project aimed to develop a hybrid metaheuristic algorithm that combines Flex Deluge and
Simulated Annealing algorithms in finding a solution to the LOP, which is the first attempt by this
heuristic algorithm. The heuristic is applied to the Tanzanian input-output tables, which have 79
sectors of the economy. The Great Deluge and Simulated Annealing algorithms have been
previously applied to the same problem and the same test data, and therefore compared the
performances of the four heuristics in terms of solution quality and time. The hybrid heuristic has
shown better performance in terms of time (by 26%) and compares well with the Simulated
Annealing; both algorithms lead to the same good solution value. After thorough experimentation,
the best choice of parameters for the problem is as follows: kr = 0.5, § = 1.0, § = 0.00079,
min = 100 and max = 800. It is therefore concluded that the presented hybrid heuristic that
combines Flex Deluge and Simulated Annealing is a good algorithm for the LOP, and in this case,
it performed better than the Great Deluge, Flex Deluge, and Simulated Annealing in terms of time
with the same quality of the solution.

As pointed out in the introduction, LOP has been extensively studied in the literature, from exact
to heuristic methods. However, most of the tested instances come from a general library (LOLIB),
which contains mostly randomly generated problems. Testing of more real-world problem
instances may provide better insights into the problem. Working on problems in sports
tournaments and machine translation are areas of further research as well. Furthermore, there are
several variations of the LOP that have been introduced in the literature and require further study.
These include LOP with cumulative costs (Bertacco et al., 2008), quadratic LOP(Buchheim et al.,
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2010), space allocation (Simmons, 1969), checkpoint ordering(Hungerlédnder, 2017), facility
layout (Kothari & Ghosh, 2012), and many others. These have interesting real-world applications
that are worth further research.

Practical Implications

The Linear Ordering Problem has many applications, as explained in the Introduction section. One
of the direct applications is the triangulation of the Input-Output tables in the Country's economy.
This has been demonstrated in this paper by triangulating Tanzanian Input-Output tables. Since
the problem is NP-hard, the design of algorithms that improve the performance of results has a
significant impact on the analysis of economies.
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